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Introduction

Systems modeling in real-time and its realization through 
hardware have become instrumental in the performance 
assessment of Flexible Robotic Systems (FRS) in the recent past. 
A robust fi rmware of FRS is thus very challenging; especially 
when we attempt to fabricate multi-link FRS having resigned 
redundancy in terms of its degrees-of-freedom. It is prudent 
here to say that system rheology (stress-strain paradigms), 
in-situ vibration, sensor fusion, and non-linear coupled 
dynamics are heavily interlinked in the extended envelope of 
fl exible robot research. Time-spanned quantifi cation as well 
as characterization of all these factors for real-time control of 
FRS is undoubtedly a challenging domain as the application 
of FRS is slowly wide-spreading in several social systems, 
medical and para-medical diagnosis, and healthcare. 

Although fl exible robots have become a favourable choice 

in several new applications because of their slender design, 
light weight, small size envelope, and increased reachability 
in the workspace, the major bottleneck of FRS lies with the 
effective control of its built-in vibration. This structure-
independent inherent vibration gets realized in the form of 
mild to severe trembling of the slender links and/or shaking 
or twisting of the inter-spaced joints, no matter what the type 
of FRS-hardware is. In fact, the slenderness of the links as 
well as the design of the FRS joints does play an important 
role in the self-generation of this trembling. As observed in 
the FRS-hardware, internal stress-strain and vibration (modal 
frequency and eigenvalue) are completely built-in types and 
hence those are design invariant.

Several designs of FRS have been attempted by the 
researchers in past decade to alleviate this vibration but most 
of those trials have been unsuccessful. The problem gets even 
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more complicated when we attempt for multi-link design of 
the FRS, wherein various kinds of coupled effects and non-
linearity crave in. It has been also observed that vibration in 
FRS is not time-dependent and the duration and periodicity of 
it can’t be correlated with the task-space of the robotic system. 
Besides, this vibration is self-propagating in nature as well as 
random and it gets induced to the successive member of the 
FRS till the end-link and end-effector/gripper. So, we must 
have a real-time assessment of vibration signature in FRS 
a-priori towards establishing a reliable application-centric 
control system.

It may be mentioned that a signifi cant share of research in 
hardware development of FRS catered to only the manipulator 
hitherto by neglecting the important member of such 
system, namely tts gripper/end-effector. This has become a 
serious lacuna because no proper estimation of the run-time 
performance (e.g. grasping) of such FRS can be adjudged 
apriori. In fact, experimentations on the run-time performance 
of a typical multi-degrees-of-freedom FRS must necessarily 
include fi eld trials on the graspability and maneuverability 
under unknown and/or unstructured environments. We wished 
to address this shortcoming of the research on FRS, by proposing 
a working model for the evaluation of natural frequencies of 
vibration (both fundamental as well as modal) through strain 
sensor data. In order to fulfi ll this niche objective, the four 
verticals of FRS-research, namely bi-planar rheology, non-
linear coupled dynamics, modalities of perpetual vibration, 
and fusion rule-bases for sensor data have been orchestrated 
synergistically in the present work. 

A new model on vibration-induced dynamics of the 
multiple degrees-of-freedom FRS is reported in this paper. 
The vibration signature in such FRS gets assessed in real-time 
through various force sensors, affi xed over its links and joints 
in a geometrical layout. A majority of the dynamic models used 
hitherto in FRS have been found to be somewhat inappropriate 
for real-time monitoring and control of the end-of-arm 
payload. We will discuss a novel dynamic model of the multi-
link FRS in this paper, referring to its real-time operation. 

Control issues of FRS have gained research attention over the 
last few decades that deal with novel techniques for harnessing 
system dynamics in real-time [1]. While the perturbation 
method was tried for fi ne-tuning the FRS controller [2], direct 
real-time feedback from strain gauges was experimented too 
[3]. A robust dynamic model indeed becomes very effective 
in understanding the behavior of FRS in real-time and the 
same becomes crucial for a multi-link FRS [4,5]. Feliu, et al. 
attempted the control issue of a three degrees-of-freedom FRS 
using the methodology of inverse dynamics in contrast to strain 
gauge-based control [6,7]. The fuzzy learning-based approach 
for the control of FRS was also reported by Moudgal, et al. [8]. 
Specifi c metrics related to the reduction of system vibration 
of a robotic gadget were attributed by Singer and Seering [9]. 
Various techniques for vibration attenuation and control in FRS 
have been reported hitherto, such as sliding mode theory [10], 
adaptive resonant control [11], online frequency and damping 
estimation [12], and integral resonant control [13]. Dynamic 

model and simulation of FRS based on spring and rigid bodies 
was established too [14]. 

It is important to comment here that laboratory-based 
experimentation on the control semantics of single-link 
fl exible robots gained substantial leverage over the years. 
These fl exible arms have served as robust test-bed for various 
new control strategies like load-adaptive control (using end-
of-arm mass) [15,16]; end-point control [17]; acceleration-
feedback control [18] and inversion method-based trajectory 
control [19].

A chronological survey on FRS research reveals that nearly all 
global studies hitherto are concentrated on various experiments 
on the control synthesis of single-arm FRS with or without end-
mass. The kinematic and dynamic effect of end-of-arm tooling 
and/or gripper in such FRS has also not been addressed to date. 
However, both rheology and vibration characteristics of FRS 
will drastically alter as soon as a jointed structure is in place, 
i.e. multi-link multi-jointed FRS with a miniaturized gripper 
fi tted at the open end. We have investigated such scenarios of 
control dynamics for a multi-degrees-of-freedom FRS fi tted 
with a mini-gripper [20], postulating spring-dashpot-based 
model (for vibration signature) and strain gauge-induced 
model (for dynamic strain signature). Design of the drive and 
actuator system for a test set-up of a three-link serial-chain 
FRS and subsequently, a realization of its fi rmware has been 
reported by the author’s group [21,22]. The proposition of real-
time vibration signature of planar FRS and its harnessing has 
been discussed thoroughly by the author [23]. Tang, et al. [24] 
investigated a nice problem of vibration signature as well as its 
natural suppression, as obtainable in a fl exible robot. Likewise, 
theoretical postulation leading to improved dynamic models of 
a typical FRS and experimental validation of those was made 
for the design of the control system [25] as well as real-time 
control of a fl exible robot using harmonic functions [26]. 
Several researchers have put forward signifi cant mathematical 
insight into the dynamic model of a fl exible robot through the 
pathway of advanced fi nite element analysis. For example, 
the infl uence of non-linear modeling in transient dynamic 
analysis of FRS was studied by using standard beam-element 
of fi nite element analysis [27]. Nonetheless, in order to 
undertake deep-rooted studies in dynamic analysis, novel 
spatially translating and rotating beam fi nite elements have 
evolved for the said modeling of FRS [28].In general, adopting 
systematic procedures is the pre-condition for any successful 
dynamic modeling task for a fl exible robot ~ a glimpse 
of which is reported by Li and Sankar [29]. The run-time 
dynamic characteristics of a two-link fl exible manipulator do 
have certain complexities in comparison to that of a uni-link 
fl exible manipulator when subjected to a set of pre-conditions 
on its workspace [30]. 

Dynamic model and control theologies of multi-link FRS 
are indeed relatively more complex than their counterparts 
for uni-link fl exible manipulators. For example, modeling 
paradigms in the domain of multi-link fl exible manipulators 
made up of prismatic joints were studied [31], followed by the 
development of control semantics of multi-link FRS by the 
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authors [32]. The mathematical modeling of the oscillation 
dynamics as well as its semi-spiral trajectories pertaining to 
a multi-jointed FRS has been reported by the author in the 
recent past [33]. The facets of perpetual vibration under natural 
conditions of operation for a single-link fl exible manipulator 
have been modeled by Rao, et al. [34] that involve novel 
mathematical tools, e.g. fuzzy mathematics, for obtaining the 
fi nal posture of the FRS under an uncertain environment of 
operation. 

The paper has been organized into six sections. An 
overview of some critical design variations and mechanical 
sub-assemblies of the serial-chain FRS is presented in the next 
section. Details on the sensory augmentation and modeling 
of the control dynamics of the developed FRS have been 
discussed in section 3. Salient aspects of the hardware of the 
fabricated FRS are reported in section 4. Section 5 addresses 
the paradigms of the control system algorithm, an overview of 
the FRS-controller developed, and test results. Finally, section 
6 concludes the paper.

Critical design facets and mechanical sub-assemblies 
of serial-chain fl exible robot

Out of various design paradigms of serial-chain FRS, three 
facets are considered to be critical, which are instrumental in 
fi nalizing the overall design ensemble of the FRS as well as its 
manufacturing. These three critical design facets are: a] cross-
section of the link:{circular; rectangular; square}; b] design 
morphology of the slender link::external metrics {straight; 
tapered and stepped-section} and c] end-of-arm attachment: 
{tip-mass; end-effector; mini-gripper}. It is prudent to note 
here that vibration and/or rheological features of the FRS do 
alter under two situations of end-of-arm attachment, viz. 
end-/tip-mass vis-à-vis a mini-gripper (at the distal link of 
the FRS). Figure 1 schematically illustrates the critical design 
facets of a typical serial-chain FRS with uniformly varying 
tapered cross-sections, as stated in [a] and [b] earlier. Three 
types of possible cross-sections of the FRS-links, namely, 
circular, rectangular, and square, are shown in Figure 1a, b, and 
c respectively for a single-link FRS-arm. The cross-sections 
are detailed under section A-A’. Cartesian co-ordinates are 
established at the ends of the ith. FRS-link, viz. at two joint 
locations (Ji-1 and Ji), spanning a horizontal length Li and an 
inclination of {qi}

k (a measure of fl exibility at the kth. vertical 
plane). The measure of taper is being indexed as {ci}

k at the kth. 
vertical plane. It is important to note also the numerical measure 
of the cross-sectional area of the ith. FRS-link at pth. section, 
Di, based on its type, viz. radius ‘r’, length ‘l’ and breadth ‘b’ 
tuple and side’s’, respectively for circular, rectangular, and 
square cross-sections. Although Figure 1 is pictorially explicit 
for a single-arm FRS, the same nomenclature will be valid for 
multi-link FRS too.

Irrespective of the type of cross-section of the FRS-link, we 
need to focus on the external design morphology to factor out 
the effect of in-situ vibration of the FRS during its operation. 
Here, the sub-group, straight can be conceptualized as a special 
case of tapered type with uniform cross-section throughout. 
Likewise, the stepped type link is another modifi cation of the 

tapered type. The common features of these designs are i] 
variation of link cross-section at different transverse sections, 
e.g. section [A-A’]p (with sectional area: [Di]

p ) and ii] variation 
in link inclination as ‘instantaneous measure of fl exibility’ at 
different locations of the link, e.g. {c}i

k. Mathematically, for 
tapered N-link FRS we can state these paradigms using two 
proportionality constants, viz. x and l. The fi rst set of the 
model involves cross-sectional area, as shown below:

   . , ,1'
p

D i i p J Ji iL iA A p
     

             (1)

and

   1
, 1, 2, ... , ( 1), ..

q q
D D i p q q ni i


                    (2)

Where LA-A’ signifi es the length of the link from Ji-1 to 
the location of the A-A’ section-plane and ‘q’ denotes any 
intermediate location on the link. While eqns. 1 and 2 are 
related to the variations in cross-sectional area for each link 
of the FRS due to tapering, next two equations are related to 
link inclination. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Circular section Link with Taper 

Rectangular section Link with Taper 

Square section Link with Taper 

Figure 1: Schematics of the Critical Design Facets of Tapered Serial-chain FRS with 
Various Cross-sections: [a]: Circular; [b]: Rectangular and [c]: Square. 
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k

i i k J JiL ii c k
                   (3)

and,

   1
, 1, 2, ... , ( 1), ..

ss
i k s s nii 


                        (4) 

It is important to fi gure out the overall inclination of 
the serial-chain FRS (having ‘N’ links) at a particular time-
instant. The gross inclination (drooping) of N-link FRS can be 
modeled as:

     max , , .... , 1, 2, ..( )1
tt
i q N ii i qiFRS        

 
 

 
        
                 (5)

where, <>FRS
t signifi es the overall drooping of the FRS at 

time ‘t’, which is numerically equal to the maximum of the 
inclinations of the individual links.

It may be noted that the equations, stated so far, viz. eqn. 
(1) to (5) are novel and evolved ab initio, by considering the 
design semantics of the FRS with the basics of physics. The 
propositions, so framed, are the original conceptualization of 
the author.

The inherent trembling of the FRS-links and subsequently, 
the defl ection/drooping of the links is the prime-most factor 
from a control system standpoint. Figure 2 schematically 
depicts such in-situ defl ection of FRS-links, wherein all joints 
of the two-link serial-chain FRS are actuated through direct-
drive. It may be pointed out here that direct-drive FRS needs 
a special layout of its revolute joint(s), primarily due to the 
slenderness of the system and also partly due to the placement 
of the motor. The schematic of Figure 2 as a whole and the 
artistic disposition of ‘J2’ in particular help conceptualize this 
special design metric of the revolute joint. We shall deliberate 
on this specifi c design later in this section. 

We may infer from Figure 2 that one of the crucial aspects 
of FRS-design pertains to the choice of drive mechanism. In 
the present prototype hardware, we have adopted a direct-
drive approach, wherein miniature servomotors were placed at 
the joint itself. Direct-drive-based design is more realistic and 
comparatively robust from the point of view of system actuation 
but it suffers from poor vibration control. As the system tare 
weight is increased due to the addition of servomotors at the 
link-joint interface, the trembling or in-situ vibration becomes 
more prominent in the case of direct-drive FRS.

Figure 3 presents an ensemble schematic of the developed 
small-sized serial-chain direct-drive FRS hardware, having 
three links and three joints in between. Hence, the overall 
span of an n-link FRS in Figure 3 is indexed as ‘SLi’, where 
link lengths are denoted by ‘Li’, i = 1,2,3,…,n. Likewise, the 
revolute joint-ensemble is indexed as {Ji, Ji+1, Ji+2,…..,Ji+n-1} when 
a fi xed value of ‘i’ is considered (i=1). However, servomotor-
ensemble is indexed as {Mi-1, Mi, Mi+1,….,Mi+n-1}, under i=1. The 
special disposition of the intermediate joints, viz. ‘J(i+1) and 

‘J(i+2)’ may be seen in detail for the characteristic layout of the 
revolute joints of the demonstrable hardware.

It is important to note here that the ensemble modeling 
of the prototype FRS, as described in Figures 1,2, have been 
done with respect to the local coordinate system, maintaining 
a Cartesian frame of reference. Although the global reference 
system has been attributed to the base of the FRS, it merely 
serves the purpose of the overall disposition layout of the FRS. 
The governing design-eqns., as presented in eqns. 1 to 5, are 
fundamental in nature and those do follow a local coordinate 
system under the Newtonian frame of reference. For example, 
eqn 4 is framed up under a local coordinate system for the ith. 
FRS-link, wherein we have investigated the variation in the 
angle of inclination at different cross-sections within the link 
[viz. sth. and (s+1)th. sections].

The drive for all three joints is direct, i.e. coupled straight 
away with the respective servomotors. The mini-gripper, E is 
being actuated through its dedicated servomotor, Mg, located 
at the backside of the gripper baseplate. The system is to be 
mounted on a customized mechanism beneath the base, 

Figure 2: Schematic of Inherent Defl ection of a two-link FRS. 
Legends: {{A1, A2}: Links; {A1’, A2’}: Defl ected layout of the links; B: FRS-Base;  M1: 
Motor for Joint1; M2: Motor for Joint2; {C1, C2}: Couplers for M1 and M2; {J1, J2}: 
Revolute Joints; D: Motor-seat; L: Horizontal Span of the FRS; {Xk,Yk,,Zk} [k=0,1,2] : 
Cartesian Co-ordinate Systems for the FRS-Base and Two Joints.

 
 
 
 
 
 
 

Figure 3: Prototype Three-Link FRS with Mini-gripper: Schematic. 
Legends: {A}i: Links; {A’i}: Deformed Links; B1: Tripod stand; B2: Prismatic slide; Mi: 
ith Servomotor; Ji: i

th Revolute joint; {C}i: Couplers of motors; {D}i: Seat for motors;  E: 
Mini-gripper; F: Graspable Object.
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having translational motion to position the FRS at the desired 
horizontal plane. The mechanism is composed of two sub-
assemblies, viz, tripod stand, B1, and prismatic slide, B2, driven 
by motor M0. This prismatic slide is positioned on the tripod 
and is being actuated through a re-circulating ball screw–
nut mechanism having linear movements along the vertical 
Z-axis. It may be noted here that we have described the gripper 
coordinate system in the local reference frame, so as to bring 
parity with the rest of the local Cartesian frames earmarked for 
the FRS-links. Nonetheless, the gripper/tool center point can 
be re-calculated through the system of orthogonality and also 
by means of forward kinematics routine (D-H matrix) with 
respect to the global (absolute) frame of reference (X i-1, Y i-1, 
Z i-1).

A salient paradigm of a serial-chain FRS pertains to the 
optimal joint design. Serial-chain FRS being planar, all joints 
are ideally conceived as revolute type, with design variations 
in its sub-assemblies. Essentially, these revolute joints are 
different incarnations of simple ‘pin-joint’, but at different 
working planes (depending upon the layout of the FRS). Barring 
minor design variations, all FRS joints have rotating shafts, 
miniature ball bearings, end-covers, housing, and at times, a 
gear-train (worm-worm wheel or spur). A realistic and perfect 
design of an FRS-joint begins with the layout disposition of 
various constituent members of the joint assembly, viz. joint-
body, coupler, gear-train, servomotor, and fi nally, the plane of 
the joint actuation and the direction of assembly/disassembly. 
The conceptualization of the actuating plane of the FRS joint 
is the prime-most criterion of a successful joint design, which 
can be either along the horizontal or vertical plane. Figure 4 
schematically illustrates the layout disposition of a typical 
revolute joint of a serial-chain FRS. 

It may be pointed out that our customized and novel design 
of the revolute joint has its rotary motion in the horizontal 
plane, which is a deviation from the usual form of rotary 
motion along the vertical plane. This altered disposition is 
essentially need-driven, in order to tackle the tinyness of the 
joint after the miniature servomotor gets fi tted in. Although the 
concept of servomotor-gearbox assembly remains unchanged, 
the physical fi tting of the said assembly has been made in the 
X-Y plane, rather than the usual Y-Z or X-Z plane. Thus, the 
assembly as well as disassembly procedure of this novel joint 
is quite different from the standard one and it needs care in 
handling the joint sub-systems, especially the coupler. 

Joint design and joint assembly thereof are correlated to the 
design of links too as the end-fi ttings of the link(s) will be 
an extended part of the joint assembly. This link-joint mating 
zone is very signifi cant in FRS, unlike the usual serial-chain 
robotic manipulator. The labeled schematic of the revolute 
joint assembly of a serial-chain FRS is shown in Figure 
5, highlighting the salient dimensions of the constituent 
members. The crux of the design of our revolute joint is the 
central pin~ the axis of the joint assembly. This pin is supported 
by two sets of miniature ball bearings. The pin is subsumed in 
a custom-built casing that can be opened up in two parts for 

easy assembly and disassembly. These two mating parts of the 
casing, namely the top and bottom casings, are dovetailed with 
each other through precision machining. 

With this design backdrop, we can locate the main element 
of the joint assembly in Figure 5, which is the centrally-located 
pin, having a diameter ‘d’. As illustrated in Figure 5, this pin 
is supported by a pair of miniaturized ball bearings (diameter: 
Dbr), disposed off symmetrically with respect to the pin, one 
above another. The intermediate space between the bearings, 
Hj is dimensionally crucial, as actuating links will be positioned 
in this space. The top casing of the pin is disposed of along 
both sides of the pin as a single unit. The important design 
dimensions of the top casing are width (Lt) and height on either 

E

A

B

C

D
H

F

G

Figure 4: Layout Disposition of a Revolute Joint Assembly of FRS.
Legends:  A: Joint-body; B: Coupler; C: Gear-train; D: Servomotor; E: Actuation plane 
of the joint; F: Cartesian co-ordinate systems (4 nos.); G: Direction of assembly / 
dis-assembly of the joint; H: Motion pathway of the joint assembly.

1

2 3

4

5

4

***

Figure 5: Schematic of the Revolute Joint Assembly of FRS.
Legends:  1: Pin; 2: Mini-Ball Bearings (Left hand side part); 3: Mini- Ball -Bearings 
(Right hand side part); 4: Top Casing of the pin (single unit: at both side); 5: Bottom 
Casing of the pin.
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side (Ht and Hts). In contrast to the top casing, the bottom one 
is fabricated as a single unit, encapsulating the central pin. The 
crucial design dimensions of the bottom casing are width (Lb) 
and height on either side (Hb and Hbs). 

The housing of the FRS joint is another important member 
of the entire joint assembly. The assembly-handshaking 
between the actuating links as well as the pin-joint ensemble 
is crucial dimensionally. Besides, close tolerance needs to be 
maintained to achieve the reliability of the joint assembly while 
in motion. The external sectional view of an assembled joint 
housing is illustrated in Figure 6.

As can be seen from the housing design of the FRS-joint 
in Figure 6, the fi rst and foremost decisive feature is the link 
diameters, namely, DLi and DL(i+1), corresponding to the two 
successive links of the FRS that are being joined. The mating 
of the links under close push fi t will be decided by the inter-
bearing distance (Hj: refer Figure 5). The joint housing is 
designed with respect to the consideration for width (W1 and 
W2) as well as height on either side of the pin joint assembly (HL 
and HR) and fi nally the radius of the detachable dome atop (RH). 
The joint assembly has easy access for service and maintenance 
from the top of the housing, as shown in Figure 6. 

The present prototype FRS has the following four sub-
assemblies, viz. a] Base; b] Link and Joints; c] Mini-gripper, 
and d] Drive system and controller. The base sub-assembly is a 
novel mechanism that has interconnection with the fi rst link and 
system controller (refer to Figure 3). The prismatic movement 
helps the FRS to achieve the desired planar location depending 
on the end application. The link and joint sub-assembly is the 
backbone of the prototype as it maintains the synergy between 
the link, actuating joint, and driving servomotor. The driver 
circuitry and motion controller of each servomotor, along with 
wiring and instrumentation were augmented under a separate 
ensemble, interfaced with the base sub-assembly.

Sensory input and modeling of the real-time dynamics 
for control of the fl exible robot

A. Need, fi tment and augmentation of sensor in FRS: The 
ensemble motion of any link of a fl exible robot in real-time 
is a conglomeration of two entities, namely: a] rigid motion 
(similar to Euler formulation of rigid body dynamics) and b] 
elastic motion (description of the deformation state). While the 
rigid motion is characterized by the rheology of the FRS, e.g. 
strain vectors of the links/joints, the elastic motion serves as 
the source for the inherent vibration of the system. 

It is to be noted that the inherent vibration of a fl exible 
robot is directly proportional to the number of degrees of 
freedom of the FRS. We may also appreciate that basic strain 
in FRS-link is being measured through multiple strain 
gauges, placed over the external surface of the link(s). The 
paradigm of in-situ vibration of FRS-link can be symbolized 
optimally as the real-time defl ection of a hollow beam having 
various cross-sections, as shown in Figure 7. The locations of 
placement of strain gauges have been marked by the ‘=’ symbol 
in four possible design variations (straight, stepped, circular, 

elliptical). The fulcrum location of the beam cross-section is 
denoted by ‘∆’. The engineering details of the strain gauge are 
provided in the left-hand-side panel of Figure 7.

As illustrated in Figure 7, the FRS member will have a 
micro-beam and the force-sensing mechanism will be based 
on the beam defl ection principle. A particular FRS member 
may have multiple beams embedded in it, each having its own 
characterization. The placement of those beams inside the FRS 
member is also another technological challenge. In our case, 
tapered hollow cross-section circular links have been used for 
prototype fabrication, resembling the template layout of Figure 
7c. 

Each link of the prototype FRS is augmented with strain 
gauges and fl exi-force sensors. Due to the constraint of hardware 
and allied logistics, we have limited the fi tment of strain gauges 
in contrast to that shown in Figure 7c. As per design, 5 strain 
gauges and 2 fl exi-force sensors have been fi tted on each FRS-
link. Hence we can say that the material-specifi c deformation 
of the FRS-member will act as the precursor for the sensory 
module of the prototype FRS. Strain gauge-type resistive 
sensors are the prime sources of detection of the vibration in 
FRS in real-time, backed up by indigenous electronic circuitry 
hardware. The semiconductor strain gauge (make: Entran Inc., 
model: ESB-020-350, resistance: 350 ohms) is used to detect 
and measure the in-situ defl ection, as generated at the FRS-

1
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2

4

5

67

8 

Figure 6: External Sectional View of the Joint Housing of FRS.
Legends: 1: Joint Housing; 2: FRS-Link [left hand side: ith.]; 3:  FRS-Link [right hand 
side: (i+1)th.]; 4: Joint Assembly; 5: Detachable Dome of the Housing; 6: Partition 
Line for dome detachment; 7: Direction of disassembly of the dome; 8: Access  
pathway to the joint assembly.

 
 
 
 
 

 
 
 
 

 
 
 
 
 
 

 

Figure 7: Strain Gauge Layout in FRS to Evaluate Dynamic Strain. 
Index: [a]: Straight section; [b]: Stepped straight section; [c]: Circular section; [d]: 
Elliptical section.
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links. These strain gauges are exceptionally suitable for small 
load measurements and instantaneous forcing, such as touch, 
push, pull-type force, or any sort of impact force vector of 
short magnitude. Figure 7 illustrates the dimensioned view of 
the semiconductor strain gauge (enlarged view, not to scale) 
with external dimensions [the dimensions are in mm., with 
corresponding values in inches inside parentheses]. The fl exi-
force sensor that was used in the FRS hardware had a thickness 
of 0.203 mm. and a width of 7.6 mm., made up of polyester 
substrate. It has a very quick reception of strain/defl ection/
oscillation at the grasp zone (of the FRS-gripper) and we can 
get the desired amount of external load on the FRS-gripper. 

B. Modeling of real-time dynamics of FRS for control: The 
fl exible link of a serial-chain FRS can be conceptualized as 
a ‘free elastic body’ in an ideal scenario, but for all practical 
purposes, we can treat it as a ‘cantilevered elastic body’, 
which acts as the prime source of in-situ vibration of FRS. 
In all practical situations of serial-chain FRS, this inherent 
vibration is evaluated in terms of the natural frequency 
of vibration (wn) and the higher-order modal frequencies. 
The inherent vibration of FRS is directly proportional to its 
number of degrees of freedom. The study on the movement 
/ instantaneous motion of FRS-links should ideally be 
restricted to low joint speeds, thereby neglecting the second-
order effects of elastic deformation. In fact, in all such cases, 
second-order and higher terms of control equation need to be 
avoided for successful control of FRS. On the other hand, the 
dynamic strain vector (ei, i = 1,2,3,…,k: where ‘k’ is the link 
number of FRS) is evaluated from structural analysis of the 
FRS. Thus, the paradigm of control dynamics of FRS in real-
time essentially involves the investigation of strain vis-à-vis 
vibration tuple. In the case of ‘direct-to-joint-drive’ serial-
chain FRS, the instantaneous real-time displacement, in the 
form of ‘defl ection’, will be prudent in the links. It is important 
to note that an effi cient dynamic model of FRS will be able to 
characterize the deformation and defl ection of the FRS-members 
in real-time. While FRS links are more prone to defl ection with 
a certain frequency of vibration, the joints are subjected to mild 
deformation. At times these two entities are quite inseparable 
and we need to reply on FEA simulation and trial-run of the 
hardware only. 

If we take a closer look over the traditional dynamic equation 
of a rotational body involving inertia, damping, stiffness effect, 
and fi nally torque, then the same can be expanded for FRS too 
as shown below, which is the fundamental equation of real-
time control of any robotic system par se:

 
2

. . .2
d d

M B K
dtdt

 
                     (6)

In fact, eqn. 6 is self-explanatory wherein the parameters, 
‘M’, ‘B’, ‘K’, ‘f’ and ‘t’ have their natural nomenclatures. For 
instance, ‘M’ is the mass moment/inertia of the system; ‘B’ is 
the viscous damping; ‘K’ is the spring constant of the naturally 
vibrating system; ‘f’ is the joint angle movement, and ‘t’ is 
the torque function. Now, let us take a deeper understanding 
of eqn. 6 and we will observe that it is essentially composed 

of two broad groups, viz. [a] Material-specifi c Equation and 
[b] Torque-specifi c Equation. We can appreciate that eqn. 6 is 
in the format of a Generalized Dynamic Equation of motion, 
namely,

. . .M q B q K q                      (7)

Where ‘q’ signifi es the joint variable in generalized co-
ordinates. While the parameters pertaining to the material-
specifi c equation move around the matrices of ‘M’, ‘B’, and 
‘K’, the torque-specifi c equation gives weightage to the 
assimilation of various kinds of torque components appearing 
in FRS. 

Let us now take an inlook into the expanded form of control 
dynamics equation of serial-chain FRS, by amalgamating eqns. 
6 and 7 and inducing a few measurable parameters. We will 
treat the serial-chain FRS as an open-end cantilever structure, 
thereby imbibing spring-effects at the links and joints. Viscous 
damping will also be modeled as two metrics, located at the 
link and joint. This conjugate approach of modeling the spring 
constant and viscous damping has been used in order to 
ascertain the intricacies of the real-life actuation of the FRS.

The ensemble deformation at the FRS-joints will be 
accounted as friction torque while stiffness will be estimated 
through viscous damping of the joints as per the equation 
below in support of the real-time dynamics of the FRS:
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Where, i: link number; p: joint index; Ji-1 and Ji: Consecutive 
revolute joints; q: Rotation of the link; M: Desired moment 
of inertia matrix of the link; Bi:Desired viscous damping 
(friction) coeffi cient of the ith. link; Bp: Desired viscous damping 
coeffi cient of the pth. joint; Kp: Desired stiffness of the pth. joint; 
for in-depth analysis of the twisting phenomena, comprising 
the twist of the joint and twist at the link-joint interface. The 
twist of the FRS links and joints is complex and it will involve 
modeling the stiffness in quadrature plane(s) at a particular 
time-instant. It may be noted that root - control system 
model, vide Ki: Desired stiffness of the ith. link; Kip: Desired 
stiffness of the Link-Joint Interface (ith. link and pth. Joint in 
mating condition); d: Initial angular position of the link and/
or joint; tf: Frictional torque; tL: Load torque; N: Real numbers.

It may be observed that the proposed dynamic model of 
the FRS, as per eqn. 8, is essentially a torque-induced material 
equation, wherein the selection of appropriate material for 
the links as well as the joints is very crucial. The terms of the 
dynamic model equation include vectors of angular velocity 
and angular acceleration that need to be determined through 
real-time experiments. It is also interesting to note that we 



015

https://www.peertechzpublications.org/journals/annals-of-robotics-and-automation

Citation: Roy D (2024) Modeling, mechanics and experimental investigation of perpetual vibration of serial-chain direct-drive flexible robotic system. Ann Robot 
Automation 8(1): 008-029. DOI: https://dx.doi.org/10.17352/ara.000018

have bestowed importance on the characteristics of viscous 
damping and spring constant by augmenting the infl uence of 
both link and joint and fi nally, the link-joint interface. We can 
model the viscous damping coeffi cient of the joint and stiffness 
of the link-joint interface as shown below:

( )  ( . )B B and K K Kp pi ip i                   (9)

In contrast to eqn. 8, we may deduce the generalized 
expression for the Torque-specifi c Equation for the FRS as:

   
 

( , )  
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F t i f f Li p

i p J Jii

      

    
             (10)

Where ‘F’ denotes the real-time function of ‘q’ and time-
instant ‘t’, which is obtainable from the generalized terms of 
eqn. 6 or eqn. 8. Rest of the parameters and legends of eqn. 
10 are identical to that of eqn. 8. Thus we can express F(q,t) 
for any link and link-joint combination as per the following 
expression, utilizing material-specifi c nomenclature of the 
FRS (viz. ‘a’, ‘b’, ‘l’):

2
( , ) . . .2

d d
F t i dtdt i

 
      

 
 
                (11)

At this point, it is worthwhile to mention that a complete 
dynamic model of the serial-chain FRS must incorporate both 
link and joint rotation as well as joint twist. While the paradigm 
of real-time rotation of link and/or joint will be tackled by the 
present model, vide eqns. 8-11, modeling of joint twist will call 
eqns.8 and 9 do not involve time function and thus the model 
is perfectly suited for joint fl exure only. 

Fabrication of prototype serial-chain fl exible robotic 
system: Salient aspects 

A. Paradigms: The working prototype of the serial-chain 
FRS was fabricated indigenously, equipped with three nos. 
revolute joint-actuated links of unequal length but uniform 
cross-section and one no. miniaturized gripper at the distal 
end. All revolute joints are actuated through D.C. servomotors 
(Make: Faulhaber™), integrated with a gearbox and encoder. 
The fl exible robot is equipped with several limit switches 
for each servomotor in both directions so as to invoke 
precautionary measures for overrun of the rotary motions. 
The fabrication of the prototype FRS was realized through fi ve 
sub-assemblies, namely: a] Fitment of the First Link and Base 
Sub-assembly; b] Second and Third Link Sub-assembly; c] 
Joint Sub-assemblies; d] Gripper Sub-assembly and e] Tripod 
Sub-assembly. It may be stated here that it was not possible 
to initiate the entire manufacturing of the FRS in one shot due 
to its long and slender disposition, piggy-backed with testing 
of motor controllers and strain gauge-based instrumentation. 
This piece-meal testing of the joint controller, sensory 
instrumentation, and gripper operation gave an edge over the 
fi nal assembly of the FRS towards full-proofi ng the same. 

With reference to Figure 3, it may be noted that except for the 
base (tripod) sub-assembly, all other components and sub-
assemblies are mostly hand-made. This is a unique feature of 
our prototype, especially for the miniaturized gripper. Another 
salient aspect of the prototype is its sleek wiring and cable-
routing. Figure 8 shows the partial photographic view of the 
developed three-link serial-chain direct-drive fl exible robot 
with the mini-gripper, in a thematically assembled disposition 
(two parts, viz. [I] and [II]: second and third links and mini-
gripper:: to be seen from left to right). The relocation of the 
prototype FRS, post-commissioning, is not trivial as the 
assembly of the fl exible robot needs to be compacted under 3 
to 4 functional sub-assemblies, as indicated in Figure 8. The 
design for the second and third links of the prototype FRS 
was carried out with reduced lengths but without altering the 
uniformity in cross-section. The second link is half of the size 
of the fi rst one, i.e., 400 mm. As an effect of in-situ vibration 
is ideally predominate in the fi rst link, we have fi tted only one 
strain gauge over the surface of the second link. The third link 
is the shortest; its length is 200 mm. only. No strain gauge is 
fi tted on the third link because the ensemble vibration effect 
of the third link gets engulfed by that of the mini-gripper. 
Sub-assembly-wise detailed descriptions of the mechanical 
hardware of the prototype have been reported in the ‘Part I’ 
paper [76].

B. Critical sub-assemblies: Fabrication of the prototype 
serial-chain fl exible robotic system comprises two critical 
sub-assemblies that need special mention. The joint sub-
assembly is prime and most critical so far as its delicateness 
and precision are concerned. The other critical unit is the 
tripod sub-assembly, which is responsible for the actuation 
of the fl exible robot in different X-Y planes, depending upon 
the need of the end-application. A majority of the other three 
sub-assemblies are hand-made types, which are largely skill-
based. 

The prototype FRS has been fabricated using two identical 
and inter-replaceable revolute joint assemblies. The fi rst joint 
is located at the interface of the fi rst and second links (link 1 
and link 2) while the second joint is positioned in between the 
second and third link (link 2 and link 3). The novelty of the 
design of this joint system is related to its placement along 
the axis of suitability. Although it looks trivial in describing 
this sort of revolute joint, its manufacturing is quite tedious 
due to its tiny volume. Besides, CFRP-made joint-base is also 

Figure 8: Photographic View of the Fabricated Serial-Chain Direct-Drive Flexible 
Robot (Link2, Link3 and Mini-Gripper). 
Index: A: Second Link (Link 2); B: Third Link (Link 3); C:  Joint 3;  D: Mini-Gripper; E: 
Joint Motor Controller; F: Gripper Motor Controller.
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delicate to handle, especially for drilling and fi xing of fasteners. 
Figure 9 shows the photographic view of the indigenously 
manufactured revolute joints used in the prototype. These 
are placed respectively between link 1 and link 2 (‘joint 2) and 
between link 2 and link 3 (joint 3), as shown in Figures 9a,b.

So far as the tripod assembly is concerned, we have two 
important components that needed attention during assembly, 
viz. i] recirculating ball screw and ii] pair of customized spur 
gear, made of Fibre Reinforced Plastic (FRP). The ball screw gets 
assembled with its actuating motor at the bottom side of the 
tripod assembly through the pair of custom-made spur gears. 
The main issue of this fi tment is the alignment and vertical 
positioning of the tie rods, associated with the ball screw –nut 
system (make: THK™). Figure 10 illustrates the photographic 
view of the tripod assembly of the fabricated FRS. 

One of the novelties of the present prototype FRS lies with 
the judicious placement of the servo-drives and controller 
board of the D.C. servomotors, responsible for joint actuations. 
Because of the compact shape and size of these controller 
boards, we decided to mount the boards on the links, 
minimizing the volume and weight of such sub-assemblies. 
On-link fi tment of these controller boards does make the direct-
drive metric of the FRS-joints more pragmatic and useful, as 
the linear distance between the joint axis and the centroid of 
the controller board becomes the shortest. On-link fi tment of 
the controller boards also helps harness the in-situ trembling 
of the FRS-links, because of the additional weight. The slender 
circular shape of the FRS-links facilitates easy routing of the 
cables, jutting out of the controller boards (refer to Figure 8a 
for details). 

The unique custom-made design of the servo-controller 
board also facilitates connectivity with the servomotor at 
the joint and also with the sensory systems of the FRS. 
Two variants of multi-wire fl at cables are used for these 
connections by using the screw terminal ends of the controller 
board. The wiring diagram and associated layout at screw 
terminals are customized to the extent of easy manual fi tment. 
Figure 11 illustrates the zoomed view of the servo-controller 
board, highlighting the wiring connection for the servomotor 
as well as sensory systems of the FRS. The screw terminals 
are distributed on the left-hand and right-hand sides of the 
servo-controller board and are responsible for the wiring of 
the servomotor (refer to Figure 9b) and sensors respectively.

C. Fittment of sensors: The augmentation of sensors 
does play a signifi cant role in the overall performance of the 
prototype FRS. While rheological data pertaining to strain and 
vibration of the FRS-links and joints have been captured by the 
semiconductor-type strain gauges, the instrumentation at the 
mini-gripper is attributed to the fl exi-force sensor, mini-load 
cell, and infra-red sensors. Figure 12 shows the photographic 
view of the fi xation and instrumentation of fl exi-force sensors 
on the mini-gripper. The long and slender fl exi-force sensors 
are mounted on the jaw-plates of the gripper, fi tted with a 
sleek connector (refer to ‘C’), which is fi nally connected to 
the multi-wire cable for sensors (refer to ‘D’ of Figures 11,12). 
The servo-control board for the gripper motor is mounted on 
the fl ange part of the gripper body to reduce wiring as well 
as trembling of the gripper-body. The hardware augmentation 
of fl exi-force sensors becomes critical predominantly due to 
the length, which becomes a constant source of jitter for the 
ensemble mini-gripper. The fi tment of the infra-red sensors 
(as emitter and detector pair on both jaw-plates) is also 
challenging because of the tiny sizes and the space available 
for fi xation (refer to ‘F’ in Figure 12). Both the fi tments were 
skill-based and carried out manually under extreme care. On 
the contrary, fi xation of strain gauges was relatively easier, 
although the tiny sizes did cause bottlenecks, throughout the 
assembly sequences of FRS-links.

 
 
 
 
 
 

Figure 9: Photographic View of the Revolute Joints As-Manufactured: [a] Joint 2 
and [b] Joint 3. 
Index: {{A1, A2}: D.C. Servomotor for Joint 2 & Joint 3; {B1, B2}: Central Shaft of 
Joint 2 & Joint 3; C:  Housing of the Joints; D: Links of the FRS.

 
 
 
 
 
 
 

Figure 10: Photographic View of the Tripod Assembly of the Fabricated FRS. 
Index: {A: Re-circulating Ball Screw; B: Nut Assembly;  C:  Spur Gear Pair;  D: Motor 
for Tripod Assembly; E: Power Supply & Controller for Tripod Assembly; F: Fixing 
Jig for Tripod.

 

Figure 11: Functional Details of the Servo-Controller Board of  FRS. 
Index: {A: Base of the Servomotor Controller Board; B: Assimilar Screw Terminals 
(2 nos.);  C:  Multi-wire Flat Cable for Motor Connection; D: Multi-wire Cable for 
Sensors; E: Link of the FRS.
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Control system hardware of the fl exible robotic system 
and test results 

A. Overview of the control system algorithm of the FRS: 
It is important to note that designing the control system of a 
typical compliant/fl exible robotic system or in that regard, any 
soft robotic system primarily depends on the augmentation of 
servomotor assemblies in the respective mechanical hardware. 
In that respect, the choice of the servomotor and the control 
sequences do vary based on the real-life hardware of the FRS. 
Physical placement of the prime-movers (e.g. servomotor 
assemblies) do depend heavily on the mechanical design 
architecture of the FRS, e.g. tensegrity-based structure [35], 
continuum manipulator [36,37] or soft robotic structure 
[38-40]. The crux of all such customized designs of the FRS 
controller is to unearth the potential of a low-power control 
unit that is capable of being synchronized with variable 
stiffness mechanism(s) inside the FRS [41]. Although inverse 
dynamics routine-based control algorithm fi nds its best 
application in trajectory control of robotic manipulators, the 
same may not be the most optimal choice for a fl exible system 
due to the perpetual oscillations Nonetheless, custom-made 
tracking controllers can be a viable choice for semi-slender 
manipulators with low joint stiffness [42-45]. However, 
experimentally determined control semantics for a direct-drive 
robotic arm can perhaps be the closest associate for building up 
the same for a typical multi-degrees-of-freedom direct-drive 
FRS [46]. 

The backbone of the control system algorithm of the 
fabricated fl exible robot is Proportional-Integral-Derivative 
(PID) control, augmented by a novel vibration (frequency) 
attenuation module. The overall control system facet has 
been tuned with current-based cut-offs and electronic limit 
switches to arrest joint overrun. The servo-based control of 
the FRS-joints as well as the FRS-gripper has been effected 
by individual user-selective feedback gain amplifi er(s). Figure 
13 presents the block diagram of the control system algorithm 
that has been invoked in the fi rmware of the prototype FRS. 

It is to be noted that the control system architecture of the 
prototype FRS is composed of four distinct but similar PID loops, 
each one of which is responsible for the three joints of the FRS 
and the mini-gripper. The set-values of the joint-angles of the 

three revolute joints of the FRS, viz. j=1,2,3 play an important 
role in tuning the PID control-blocks thereafter. These set-
values, {q1, q2, q3} are assigned a-priori through the dedicated 
servo-controllers (Make: Faulhaber®) of the corresponding 
servomotors of the joints. The program-code, generated for 
the FRS, includes these set-values and these values can be 
re-set depending upon the need of the end-use. Similar to 
the selection of the set-value triad of the joint-angles, the 
servomotor, responsible for the actuation of the mini-gripper 
of the FRS also gets tuned by setting the rotary motion of the 
motor-shaft of the FRS-gripper. Hence, the ensemble set-
value of the FRS, [{q1, q2, q3], {qG}] becomes the maiden input 
to the system controller and its matching program-code. 

The next step of the algorithm of the system controller is 
related to the tuning of the gains of the proportional, derivative, 
and integral control sub-loops. The PID control loop starts its 
functioning after taking input of the set-values [{q1, q2, q3], 
{qG}] at a particular time-instant. As illustrated in Figure 13, 
all four PID loops function in unison, but independently. The 
software routine of the control program has the provision for 
altering the numerical values of all these gains, viz. {Kp, Kd, Ki} 
for all the joints as and when felt necessary. The ab initio value 
of the proportional gain (Kp) is being set using the theoretically 
computed value of the natural frequency of vibration (in Hz.). 
We have used a nomograph for selecting the particular value 
of ‘Kp’ ~ wherein the basic nomograph was framed using 
experimental data from the strain gauges. The other two gains, 

Figure 12: Instrumentation Details of the FRS-Gripper. 
Index: {A: Flexi-force Sensors; B: Jaw-plates of the Mini-Gripper;  C:  End-Connectors 
of ‘A’;  D: Multi-wire Cable for Sensors; E: Servo-Control Board of Gripper Motor; F: 
Location of Load Cell & Infra-red Sensors.

Figure 13: Functional Block Diagram of the Control System Algorithm of the 
Prototype FRS. 
Index: {{θ1,θ2,θ3}: Set Values of the Joint Angles of the 3 joints of the FRS;  θG:  Set 
Value of the Rotary Motion of the Mini-Gripper Motor-shaft; {Kp}j=1,2,3: Gain of 
Proportional Control for the FRS-joints; {Kp}g: Gain of Proportional Control for the 
FRS-gripper; {Kd}j=1,2,3: Gain of Derivative Control for the FRS-joints; {Kd}g: Gain 
of Derivative Control for the FRS-gripper; {Ki}j=1,2,3: Gain of Integral Control 
for the FRS-joints; {Ki}g: Gain of Integral Control for the FRS-gripper; s: Laplace 
Transform Operator; λi: Gain of the Feedback Amplifi er for the FRS-joints (j=1,2,3); 
λg: Gain of the Feedback Amplifi er for the FRS-gripper; {δω1, δω2,

 δω3,
 δω4, 

Infi nitesimal natural frequency of vibration of FRS-joints (j=1,2,3); δωG: Infi nitesimal 
natural frequency of vibration of FRS-gripper; t: Time-instant of vibration of FRS; 
{ε1, ε2, ε3}: Error of the PID Control System of FRS-joints (j=1,2,3); εG: Error of the 
PID Control System of FRS-gripper; {φ1,  φ2,  φ3}: Controlled Output Values of the 
Joint Angles of the 3 joints of the FRS; φG: Controlled Output Value of the Rotary 
Motion of the Mini-Gripper Motor-shaft.
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viz. derivative (Kd) and integral (Ki)are set by determining 
the fl uctuations in the values of the natural frequencies of 
vibration over a pre-defi ned time period of operation of the 
FRS. Essentially, initial set-values of all three gains are arrived 
at by changing the mass at the FRS-gripper (payload)~ this 
mass is responsible for the degree of oscillation in the system, 
and alteration of that gets registered by the strain gauges. 
While ‘Kd’ is chosen via the monograph for the variation of the 
strain gauge values in the two consecutive time-instants, say 
ti and t i+1, the selection of the set-value for ‘Ki’is made through 
another nomograph for the arithmetic mean of the strain 
gauge values in the said two consecutive time-instants. Once 
the initial values of these three gains are set, the next rounds 
of alterations in the gains are governed by the custom-made 
program code. With the changes in gains, the overall Laplace 
Transform for the PID loop also gets altered for each FRS-joint. 
Likewise, the modulations can be effected for the PID sub-
loop of the FRS-gripper as well. It is apparent that the overall 
PID loop will be uncertain to a certain extent because of the 
vibration characteristics of the FRS-links and hence some of 
the existing models nay not be the appropriate [47,48] as well 
as reinforcement learning (RL) in recent past [49].

The output of the PIP sub-loop is fed to the vibration 
(frequency) attenuation module (VAM), respectively for 
each FRS-joint as well as FRS-gripper. The functioning of 
this module is time-dependent and it computes the time-
summation of all the frequency alterations for each FRS joint 
and FRS gripper. In other words, the module computes at every 
time-instant, ti, the summation of the change in vibration 
frequency in two successive preceding time-instants, say, ti-1 

and ti-2. The program-counter for this module gets refreshed 
each time-instant and the updated value is added up to the 
PID-loop output value. The idea of this ‘addition’ is to make the 
PID-loop more robust so that the feedback loop gets fi ne-tuned 
more effi ciently by taking into account the effect of vibration 
in real-time. Nonetheless, the software program routine of 
the controller is capable of ‘hiding’ this vibration attenuation 
module, which can be used to study the effect of the PID loop 
only on the controller performance as a theoretical research 
metric. The system will attain stability with the PID loop too, 
but, it will defi nitely be much advantageous to augment VAM 
with the PID so far as the attainment of stability of the FRS is 
concerned. 

The fi nal summation is passed into the servo (feedback) 
loop as ‘error’ values, viz. [{e1, e2, e3}, { eG}]. Amplifi cation 
of these error values by means of non-unity amplifi er gains 
has been invoked in the control system algorithm that is 
entrusted to provide better stability towards harnessing the 
in-situ vibration of the FRS. The non-unity amplifi er gains 
are uniform for the three joints of the FRS (li), while it has a 
different value for the FRS-gripper (lg). 

The culmination of the servo-control algorithm takes place 
after the feedback loop is set in real time. The controlled output 
values of the joint-angles of the FRS as well as rotation of the 
motor-shaft of the FRS-gripper are noted as system-tuple, viz. 
[{f1, f2, f3}, { fG}]. The step-wise modulation of the set-values of 

the joint-angles of FRS to the controlled values in real-time is 
fully indigenous and it draws attention toward effective real-
time handshaking between PID and VAM sub-loops. 

B. Development of the indigenous controller of the FRS: 
The controller of the prototype FRS, developed indigenously, 
has its foundation in the Faulhaber™-make Motion Controllers 
(MCBL and MCDC series), responsible for the actuation of its 
revolute joints. The proprietory motion controllers are used in 
the development of the ensemble controller of the FRS because 
of their compact ensemble and trouble-free mating with the 
servomotors of the same make. This decision has been found 
to yield rich dividends as vibration control in real-time needs 
much pruning of the controller architecture as well as software 
coding, out of which compatible tuple of servomotor- motion 
controller has defi nitely eased the troubleshooting. Figure 14 
presents the general block diagram of the developed controller 
of the prototype FRS.

Functionally, the indigenously developed controller of 
the prototype FRS is constituted of four units, namely: [I] 
Power Supply Unit (PSU); [II] Joint Movement Module (JMM); 
[III] Sensor Processing Module (SPM) and [IV] Limit Switch 
Unit (LSU: having a set of 3 units, viz. LS1, LS2 and LS3). 
While PSU is an integral part of the entire controller, LSU is 
mainly related to JMM. Three limit switches of the LSU are 
located at the respective joint locations, i.e. those are affi xed 
at different zones of the FRS (LS1 is being activated for joint 
1 and so on). JMM consists of servomotor assemblies (motor, 
gearbox, and encoder integrated) for all three joints of the FRS. 
On the other hand, SPM takes care of strain gauges (for the 
joints) and fl exi-force sensors (for the mini-gripper), with 
real-time calibration and settings. It is important to note 
that JMM and SPM are inter-correlated and both units are 
equally contributing towards smooth functioning of the FRS-
controller in real-time. The SPM is constituted of two types 
of sensory elements, namely: a] semiconductor-type high-
precision strain gauges (for the FRS-links) and b] fl exi-force 
sensors (for the FRS-gripper). Both of these sensor-cells are 
very delicate to handle and crucial so far as instrumentation 
is concerned. Flexi-force sensors do possess a higher level of 
precision, improved repeatability, and linearity as compared 
to other commercially available varieties of force-sensing 
resistors. So far as the output of SPM is concerned, strain 
gauges are being instrumented through Wheatstone bridge 
circuitries, while fl exi-force sensors have built-in bridge-

Figure 14: Block Diagram of the Developed Controller of the Prototype FRS.
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balancing circuitry. Nonetheless, we need calibration of the 
sensor-cells before fi nal instrumentation and it has been 
carried out through multiple trials off-line. The prototype FRS 
gets activated through 12V D.C. power source input. The PSU is 
made with two identical 12V D.C. supplies inside the housing. 
Either of these two power supplies can be used to charge a 70 
Ampere- The Hour battery if needed.

The novelty of our work is in direct handshaking between 
JMM and SPU, which was not attempted earlier [50-53]. 
Although several control semantics using fi nite element-
based dynamics [54-56] or erstwhile chronological modules 
of adaptive control [57-58] or payload-based non-linear 
control [59-66] do provide useful links for combating run-
time oscillation dynamics of a multi-d.o.f. FRS, the aspects 
of experimental evaluation of such dynamics were hardly 
attempted. 

The system controller is provided with an easy switch-over 
from electrical to battery-based activation of the FRS under 
indoor conditions, in case the situation demands so. Precaution 
should be adhered to for outdoor applications, as factors like 
heavy rainfall, direct sunlight, dust, excessive water slippage, 
or similar exposure to water can cause damage to the units of 
the controller box. The LSU of the prototype FRS takes care 
of unavoidable overrun of the joints in clockwise as well as 
counter-clockwise directions for protecting the servomotor of 
each link-joint sub-assembly. The LSU has been augmented 
with the FRS-controller quite effectively so that the individual 
limit switch gets triggered at the extreme ends of the links 
and mini-gripper. The control system program code has been 
syntaxed to give priority to the functioning of the limit switches. 
The program code inducts binary output of the limit switches 
and ensures complete stopping of the servomotor(s). All four 
motor controllers of the prototype FRS were interfaced with the 
serial RS232C port of the system computer for seamless data 
communication in an easy way. It may be noted that the basic 
logic of functioning of all Faulhaber™ motor controllers is the 
same despite different models of Faulhaber™ motors used in the 
hardware. The Faulhaber™-Motion Manager software has been 
instrumental in controlling the overall functioning of all four 
servomotors of the FRS and the motor for tripod movement. 
The indigenously developed control system program has good 
handshaking with Faulhaber™-Motion Manager software, as 
the later has user-selectable drop-down menus for the desired 
control parameter. 

C. Experimentation with the prototype FRS and test results: 
The prototype FRS was critically examined for its performance 
in real-time through different sets of trials and tests. These 
tests are beyond the usual calibration of the sensors, which are 
aimed towards assessment of the real-time characteristics of 
the FRS. The two most signifi cant as well as salient aspects of 
this real-time performance are a] evaluation of the ensemble 
strain in the FRS-links and FRS-gripper and b] determination 
of the natural frequency of vibration of the FRS. Real-time 
data from the strain gauges, mounted over the exterior of 
the FRS-links, symbolized the out-of-balance voltage of the 
respective Wheatstone bridge circuitries of the strain gauges. 

These voltage values were further deduced to evaluate the fi nal 
data for strain in the FRS-member. In order to attain better 
accuracy of the experimental results, each strain gauge was put 
in the instrumentation as a single entity, and the corresponding 
Wheatstone bridge was made as a quarter-bridge. A total of 10 
strain gauges were fi xed on all three links of the FRS, out of 
which six were mounted on the fi rst link (length: 800 mm.) 
two each on the second link (length: 400 mm.), and a third link 
(length: 200 mm.) respectively. These 10 strain gauges have 
separate quarter-bridge instrumentation that was augmented 
under SPM (refer Figure 14). Likewise, the mini-gripper of the 
FRS is provided with 2 nos. fl exi-force sensors, having in-built 
Wheatstone bridge circuitry. The raw data output of these two 
fl exi-force sensors in miilivolts was processed separately to 
get the strain values, using a calibration curve of said sensor. 
Tables 1,2 present the ensemble dynamic strain values of 10 
nos. strain gauges and 2 nos. fl exi-force sensors respectively, 
as obtained during various time-intervals under different 
trial-runs. Dynamic strain values were computed from the raw 
data of the strain gauges. These sensor units have been named 
S1, S2,……, and S12 in a sequential manner (starting from Link1 
and ending with the mini-gripper). We have computed the 
average values of strain for a specifi c FRS-member also using 
these processed data on strain, e.g. {Av. e}1 is the average value 
of the strain for the 1st. link of the FRS that is computed as an 
average of numerical values of S1, S2,.., S6. Likewise, we can 
compute the average strain values foe 2nd. and 3rd. link of the 
FRS as well as FRS-gripper, which are nomenclated as {Av. e}2, 
{Av. e}3 and {Av. e}G respectively.

We should note a couple of paradigms in the trials, as 
presented above via Tables 1,2. The fi rst and foremost aspect 
is related to the trials itself. All of these 12 trials have been 
time-synchronized, i.e. these trials have been undertaken 
chronologically. The raw data of the strain gauges have been 
generated through qualitative forcing at the tip of the distant 
link as well as at the gripper-end, executed manually. The 
forcing function is essentially touch type with a mild jerk during 
the later part of the trials. The computed values of the dynamic 
strain in FRS-links and FRS-gripper show mild variation in 
numerical values; but, in general, it was found to be high in the 
1st. link. This sort of variability is usual in any self-trembling 
dynamic systems and our prototype FRS is no exception. The 
strain values at the FRS-gripper are slightly more in comparison 
to that at the 3rd. link of the FRS. This increment of the strain at 
the FRS-gripper can be attributed to the local stress and strain 
thereof, due to its tiny linkage structure and overhung. Apart 
from observing the numerical values of the strain in Tables 1,2, 
we need to dwell upon the query on an optimal number of the 
strain gauges (for FRS-links) and fl exi-force sensors (for FRS-
gripper) as well as the layout of those. From the computed data 
of Tables 1,2, it can be inferred that there are minor variations 
in the strain values across the intra-link strain gauges, i.e. 
those fi tted on the same link of the FRS. Nonetheless, there is 
some variation in strain values between the inter-link strain 
gauges, i.e. those fi tted on different links of the FRS. In other 
words, strain gauges on the FRS-1st link vis-à-vis that on the 
FRS-2nd or the FRS-3rd link show variations. Flexi-force sensors 
do have slight variations in readings, which are refl ected in the 
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computed strain values. We will now examine the computed 
data on the natural frequency of vibration (in Hz.), as obtained 
through several trials on the prototype FRS. Although various 
links of the FRS as well as the FRS-gripper will have marginally 
different values of the natural frequencies of vibration under 
free-form undamped motion, for the sake of ensemble analysis 
we will consider here the vibrational frequency at the distal 
part of the FRS, viz. at the tip of the third link of the FRS and 
the gripper-end. It is true that under the natural condition of 
joint rotations of the FRS, there will be built-in oscillations 
in all three links of the FRS as well as the FRS-gripper. These 
oscillations and ensemble trembling of the FRS-links are not 
coupled all the time and due to this, we get different defl ection 
hues for the links. There are various pathways to study the 
patterns of defl ection hues and subsequent oscillations of the 
FRS-links, which get translated to robust analytical models 
for evaluating vibration-related parameters of the FRS under 
real-time dynamics. In its simplest form, we will consider here 
the undamped free vibration of the FRS-links, without any 
external forcing. This free vibration model has been selected 
in order to study the natural pattern of defl ection/trembling of 
the FRS due to its own inherent dynamics, namely, the rotation 
of its joints via the servomotor system. This natural oscillation 
paradigm of the FRS is also supplemented with two facets, 
viz. a] no external forcing on any of the FRS-member in any 
form (i.e. condition of ‘forced vibration’ is excluded) and b] no 
viscous damping from the exterior of the FRS ( i.e. condition 
of ‘viscous damping’ is excluded). Our study, experimental 
investigation, and fi nally, the numerical assessment of the 
natural frequency of vibration of the FRS is based on this basic 
paradigm of undamped free natural vibration. It is customary 
to adhere to the traditional ‘spring model’ to designate free 
vibration of the FRS-link. However, the criticalities in vibration 
signature will emerge due to several natural causes, thereby 
producing varying amplitude-frequency of the induced 
vibrations in different links of the FRS. This is a very obvious 

process and it is system-generated. The challenge lies in the 
accurate and effective modeling of this varying vibration using 
the spring model. The physical parameter of a spring that 
goes instrumental in characterizing the performance of the 
spring, i.e. its elongation and subsequently natural path-way 
of oscillation in the vertical plane, is nothing but its stiffness 
matrix. In the uni-axial deformation model of the spring, this 
stiffness matrix is analogous to the spring constant; ‘K, having 
dimension: MT-2 (force per unit length). As all other parameters 
of the FRS-links are essentially material-specifi c or design-
specifi c, it is the value of ‘K’ that controls the numerical value 
of the natural frequency of vibration. However, the value of ‘K’ 
is the effective value, which is to be obtained through various 
combinations of placement of the spring in the model. Further, 
the value of ‘K’ may not be equal in all such combinations; 
and, we may use non-identical springs with different values 
of the spring constant. These are all modeling paradigms 
that need to be ascertained to capture the characteristics of 
the free undamped vibration of the FRS-members. Figure 
15 shows the schematic disposition of this undamped free 
natural vibration scheme of any FRS-link. It is noteworthy to 
highlight various possible combinations of spring systems, as 
extended manifestations of series and parallel layout (refer 
Figure 15: # I to X). Standard formulae of the series-parallel 
combinations will be used to compute the ensemble spring 
constant, considering equal values of ‘K’ in all these 10 layouts. 
Numerical treatment will remain the same in case of multiple 
different springs with unequal values of ‘K’, say K1, K2, K3,…etc. 
are used in the model. 

We know that numerically, the natural frequency of 
vibration is a function of the ‘K’ and ‘mass’ of the vibrating 
member, as per the postulation of natural vibration. As there 
is no alteration in the ‘mass’ (‘m’) of the vibrating member, 
the sole dependency of the natural frequency of vibration (fn) 
will be on the ‘equivalent spring constant’ (Keq) of the FRS-

Table 1: Test Results on the Computation of Dynamic Strain for the FRS-links [: Actual Experimental Data =Tabulated Data x 10-5].

Trial No.
Strain Values for the 1st Link of FRS 

Strain Values for the FRS--2nd Link  Strain Values for the FRS--3rd Link 

S1 S2 S3 S4 S5 S6 {Av.ε}1 S7 S8 {Av.ε}2 S9 S10 {Av.ε}3

1 0.0578 0.0532 0.0575 0.0548 0.0586 0.0559 0.0563 0.0134 0.0148 0.0141 0.0156 0.0163 0.0159
2 0.0569 0.0546 0.0567 0.0543 0.0578 0.0563 0.0561 0.0145 0.0145 0.0145 0.0153 0.0168 0.0161
3 0.0545 0.0537 0.0534 0.0548 0.0589 0.0569 0.0554 0.0138 0.0148 0.0143 0.0155 0.0127 0.0141
4 0.0497 0.0542 0.0587 0.0539 0.0584 0.0562 0.0552 0.0137 0.0152 0.0144 0.0148 0.0165 0.0156
5 0.0537 0.0563 0.0544 0.0537 0.0583 0.0489 0.0542 0.0136 0.0146 0.0141 0.0154 0.0185 0.0169
6 0.0489 0.0537 0.0564 0.0542 0.0574 0.0521 0.0537 0.0138 0.0152 0.0145 0.0157 0.0148 0.0152
7 0.0513 0.0485 0.0559 0.0545 0.0579 0.0549 0.0538 0.0165 0.0147 0.0156 0.0153 0.0153 0.0153
8 0.0575 0.0539 0.0575 0.0558 0.0576 0.0563 0.0564 0.0153 0.0139 0.0146 0.0157 0.0174 0.0165
9 0.0568 0.0526 0.0548 0.0546 0.0569 0.0587 0.0557 0.0155 0.0142 0.0148 0.0148 0.0137 0.0142

10 0.0545 0.0528 0.0557 0.0534 0.0573 0.0498 0.0539 0.0157 0.0145 0.0151 0.0153 0.0154 0.0153
11 0.0578 0.0495 0.0569 0.0546 0.0584 0.0548 0.0553 0.0148 0.0152 0.0150 0.0159 0.0146 0.0152
12 0.0489 0.0486 0.0548 0.0553 0.0587 0.0539 0.0534 0.0147 0.0153 0.0150 0.0156 0.0143 0.0149

Table 2: Test Results on the Computation of Dynamic Strain for the FRS-gripper.

Strain Values  
Trial Number [:Actual Experimental Data =Tabulated Data x 10-5]

1 2 3 4 5 6 7 8 9 10 11 12
S11 0.0232 0.0234 0.0189 0.0236 0.0245 0.0243 0.0179 0.0157 0.0178 0.0233 0.0177 0.0225
S12 0.0212 0.0256 0.0167 0.0154 0.0237 0.0214 0.0165 0.0146 0.0168 0.0246 0.0189 0.0243

{Av 0.0222 0.0245 0.0178 0.0195 0.0241 0.0228 0.0172 0.0151 0.0173 0.0239 0.0183 0.0234
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link system. This proposition does justify the lemma of Figure 
15 with its 10 different poses of spring layout. This direct 
proportional relationship between ‘fn‘ and ‘Keq’ is the crux 
of the engineering aspect of the study of the undamped free 
vibration of FRS-link(s) and FRS-gripper. Thus, it essentially 
boils down to the near-optimal numerical evaluation of ‘Keq.’ 
using the known parameters of the FRS. 

Researchers have tried out a few methods for the control 
of this in-situ vibration of FRS, such as i] fuzzy-based model 
[67-69], ii] state linearization [70], iii] end-effector trajectory 
control [71], iv] feedforward/feedback control [72-74], and v] 
payload-induced dynamics [75]. Unlike these methodologies, 
we have incorporated various combinations of springs to 
symbolize the ‘extent’ of oscillation.

It is interesting to observe the dispositions of the spring-
elements in the layout of Figure 15 and to be specifi c, the 
gradual variation of complexity of the layouts. By default, 
the fi rst layout is the simplest with only one spring-element, 
having spring-constant ‘K’. The next two schemata, viz. layout 
#2 and #3 represent series and parallel combinations of spring 
elements in simplest form. Layouts # 4 and 5 involve three 
spring-elements each, disposed of in two geometrical variants. 
Two extended versions of layout #4 are depicted in the next 
two schemata, namely, layouts # 6 and 7. The complexity of 
the computation of ‘Keq.’ begins from layout # 6 and continues 
thereon. We introduce new sub-schemata of the ‘star-delta 
connection’ of spring-elements in the next three layouts, viz. 
layouts # 8, 9, and 10. While layout # 8 shows the basic star-

delta type spring-elements, complexity gets infused in layout 
# 9 with additional spring-elements, adjoining the basic star-
delta. The last layout is a boolean combination of layouts # 7 
and 8 and it is, by virtue, the representative of all such possible 
boolean combinations of layouts of the spring elements in a 
FRS-link. 

Numerical evaluation of the natural frequency of vibration 
is traditionally theory-based and for a specifi c material and 
known mass of FRS-link, it is directly proportional to the 
spring constant or ‘Keq.’, depending upon the layout schemata. 
Interestingly, ‘K’ is also dependent on the geometry of the 
FRS-link as well as its material. In a way, we get a tuple to 
evaluate the natural frequency of vibration, fn, of the FRS-link 
system, as shown below:

1 .

2

Keq
f n m

                 (12) 

.
.

Y A F
Keq

L 
                 (13)

Where, m: mass of the FRS-link; F: in-built force acting 
on the link to cause vibration; A: cross-sectional area of the 
link; L: length of the link; Y: Young’s modulus of the material 
of the link; d: defl ection of the link (in the direction of in-built 
forcing function). 

Thus, as per theory, the working formula for the numerical 
evaluation of ‘fn’ becomes (using eqns. 12 and 13), 

 
 

  
 

 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 15: Schematic Disposition of Undamped Free Natural Vibration Schemes of a Generic FRS-link.
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Where, D: diameter of the FRS-link and r: density of the 
material of the FRS-link. The rest of the symbols have been 
named earlier in eqns. 12 and 13. As an off-shoot to the 
evaluation of fn, we can deduce the working formula for the 
‘force of vibration (‘F’), which is essentially a theoretical and 
imaginary attribute. Since we are not considering the situation 
of forced vibration here we will only look at the expression for 
‘F’ as a direct function of the average strain obtained in the 
FRS-link, as shown below:

   2.. . .. . .
4

D YY A avF Y A av
L

 
                   (15)

Now, as per experimental observation, let us take a look at 
the average strain values of Table 1. We can compute the ‘force 
of vibration’ for a specifi c FRS link at various time-instants with 
different combinations of joint angles for the ensemble motion 
of the link using eqn. 15. Taking into consideration the identical 
geometry of all FRS-links, namely the same cross-section and 
material, we can estimate ‘Force of Vibration’ (FOV) values for 
all three FRS-links separately. Now, the proposition will take 
an interesting fi nding if we need to estimate the ‘Average Force 
of Vibration’ (AFOV) for the FRS in totality. The nucleus of the 
model is rooted in the phenomena of twisting of the FRS-joints 
due to this natural trembling of the system and the FOVs in 
particular. The joint twist is an inherent phenomenon of the 
FRS and it can be mathematically expounded with the help of 
‘moments of the force’, computed numerically with respect 
to the quadrature plane. The estimation of AFOV can be made 
by imagining an equivalent FRS by adopting the concept of 
‘Flexible Uni – Equivalent Link ‘ (FUEL). In a nutshell, FUEL will 
have one link only, which will be capable of generating the 
same ‘moment of force’, as obtainable from the 3-link FRS, 
or, in general, FUEL will be the ‘analytical clone’ to an N-link 
serial-chain FRS. Hence, AFOV will be estimated using the 
simple ‘Moment Balance’ principle for FUEL, without taking 
into account any additional effect such as torque of the revolute 
joints or the viscous force at the link-joint interfaces. We also 
assume a homogenous distribution of mass of the links over 
their lengths that correspond to the locations of the centres 
of gravity for the links at the respective midpoints. All these 
parlances are important to bring out a basic estimate of AFOV 
and the same can be utilized for ascertaining the extent of 
trembling or drooping of the multi-link FRS. It is crucial to 
adopt a near-optimal methodology for evaluating AFOV using 
simple mechanics. Taking a re-look at the disposition of 
our FRS (refer to Figures 3 and 8), we can now postulate the 
analytical model of FUEL using ‘Moment-balance Lemma’ as:
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Where, {L1, L2, L3}: the length of the three consecutive links 
of the FRS; {F1T, F2T, F3T}: tare weight of the links in succession; 
FGT: tare weight of the gripper; FAV: Average Force of Vibration 
(AFOV) of the ensemble FRS (including gripper). It is to be noted 
here that we have considered only the force balance lemma of 
the ‘Free-Body FRS’ with no external impulse or forcing. 

The right-hand side expression of eqn. 16 is essentially the 
paradigm of FUEL, in which we have considered the full planar 
stretch of the manipulator having a total length of (∑Lj), j = 
1,2,3. Equation 16 brings out that for a prototype FRS with fi xed 
dimensions, AFOV is a stable value. Numerically, the value of 
AFOV so obtained signifi es the extent of trembling of the FRS 
due to its natural weight only (without any external forcing). 
Nonetheless, as a maiden step of evaluation of AFOV in real-
time, the other two moment-components, namely: a] viscous 
force at the link-joint interface and b] in-situ torque at the 
joint (generated due to twist, turn, and angular displacement) 
have been omitted in the formulation of eqn. 16. 

The Flexible Uni-Equivalent Link deals with two kinds 
of forces, namely: a] tare weight, ‘FT’, and b] force due to 
vibration, ‘FV’. While FT will act vertically downwards through 
the centre of gravity of FUEL, FV can act through a co-planar 
point, other than the centre of gravity. This is true for all links 
of the FRS as well if we take their free-body-diagrams. In fact, 
the ‘line of action’ of FV for every FRS-link and /or FUEL is 
through the line/region of maximum strain. While FV can be 
evaluated numerically for each link of the FRS based on the 
average strain of that link, the average force of vibration, AFOV 
needs to be estimated through the moment-balance equation 
only. As a matter of fact, the numerical value of ‘FAV’ (refer 
eqn. 16) is a coupled form of the tare weight of FUEL and 
the force due to the vibration of FUEL. However, there is no 
experimental procedure possible to identify and evaluate these 
two components separately.  

Considering the material of construction of the FRS-links 
to be Carbon Fibre Reinforced Plastic (CFRP), we get the 
average value of ‘Y’ as 181x109 N/m2. Taking into account that 
the as-fabricated diameter of the FRS-links is 10 mm., we 
can calculate the numerical estimates of the ‘force of (due to) 
vibration’‘FV’ by using the model of eqn. 15. As evident, the 
estimate of ‘FV’ is directly proportional to the average strain 
values of the respective links. It may be noted that average 
strain is an imaginary entity so far as its ‘point of execution’ 
is concerned. In the case of the present prototype, ‘FV’ is 
numerically equal to (1422.1428x 104) times the average value 
of the strain obtained experimentally. These data on ‘Force of 
Vibration’ for the FRS-links, namely, ‘F1V’, ‘F2V’, and ‘F3V’ as 
well as ‘Average F’(experimentally) are presented in Table 3 
below. The computed data of Table 3 shows that the maximum 
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force of vibration occurs at the fi rst link of the FRS, indicating 
the largest trembling at the fi rst link. The force of vibration 
gradually smoothens off in the subsequent links. 

Now, in order to compute the numerical value of AFOV, vide 
eqn. 16 we need to evaluate the tare weights of the FRS-links 
and FRS-gripper. Considering the average value of the density 
of CFRP (in rod form) as 1800 kg/m3, we can evaluate the 
weights of the FRS-link having a circular cross-section with 
an identical diameter of 10 mm. For example, the tare weight 
of the fi rst link of the FRS (F1T) will be equal to 0.1131428 kgf 
[ (1800). (0.8) . p . (0.01)2/4 ]. Likewise, the numerical values 
for F2T and F3T will be equal to 0.056571 kgf and 0.0282857 kgf 
respectively. The calculations have been arrived at by taking the 
lengths of the FRS links, viz. L1, L2, and L3 as 0.8m, 0.4 m and 0.2 
m respectively. The tare weight of the mini-gripper has been 
measured separately as lumpsum mass and it was found to be 
100 g. Accordingly, FGT has been recorded as 0.1 kgf. Hence, the 
numerical value of the AFOV can be evaluated as 0.397999 kgf 
or 3.90437 N (using eqn. 16; acceleration due to gravity: 9.81 
m/sec2). As per the conceptual lemma of ‘FUEL’, AFOV is acting 
through the centriod of FUEL, which is commensurate to the 
postulation of eqn. 16. Interestingly, if we are focused on the 
estimation of the ‘average force of vibration’ at the tip of the 
gripper-point of FUEL, then the value of AFOV will be 0.198999 
kgf or 1.95218 N. We have used the total length of FUEL as 1.4 m 
in this case. Further, it is to be noted here that ‘FiT’ and ‘FiV’, i 
= 1,2,3 will not act simultaneously as ‘FiV’ is imaginary. 

Let us now focus on the determination of the natural 
frequency of vibration of the FRS, which will start with the 
evaluation of the same from a theoretical perspective, separately 
for all three links of the FRS. We have used the working formula 
of eqn. 14 for this, with the incorporation of the average 
numerical values of ‘Y’ and ‘r’ as 181x109 Nm-2 and 1800 kgm-

3. Accordingly, the theoretical value of the natural frequency 
of vibration of the fi rst link of FRS will be (1595.32216 / 0.8) 
or 1994.15 Hz. Likewise, the natural frequency of vibration of 
the second link of FRS will be (1595.32216 /0.4) or 3988.31 Hz. 
Finally, the value of the natural frequency of vibration for the 
third link of FRS becomes (1595.32216 /0.2) or7976.61 Hz. It is 

to be noted that we can even estimate the natural frequency of 
vibration of ‘FUEL’ by the same formula. In our case, the length 
of FUEL is 1.4 m, and accordingly, the numerical value of the 
natural frequency of vibration of FUEL will be: (1595.32216 / 
1.4) or 1139.51 Hz. 

Experimental determination of the natural frequency of 
vibration of the FRS-link(s) and/or FRS-gripper is crucial. 
We need to evaluate it with the help of mere strain gauge 
data. There is no other way out and besides strain gauge 
data (of dynamic strain), we can’t even arrange any other 
instrumentation in real-time for such an assessment. This is 
the greatest irony of a FRS and we have to deal with it so far 
as the estimation of in-situ vibration / natural frequency is 
concerned. The experimental runs are essentially made with 
the help of activation of the joint servomotors of the FRS in 
a selected pattern. In that sense, the experimental runs are 
representative of the pseudo-forced vibration of the FRS. 
Although there is no external forcing function acting on the 
FRS members, the vibration is being forced into the system by 
means of the rotational motion of the joint motor(s). Since the 
prototype FRS is a direct-drive system (refer to schematics of 
Figures 2 and 3 and actual photographs of Figures 8 and 9), we 
can operate the FRS by rotating any one joint or augmenting 
control commands for different combinations of joint angles. 
In either of the cases, the cumulative run-time torque of the 
motor shaft will be responsible for the rotation of the joint(s), 
and that will fi nally culminate in the pseudo-forced vibration 
of the FRS members. In other words, the force of vibration, so 
generated, can be evaluated from the motor-torque value(s), as 
obtained from the Graphical User Interface. So, we can measure 
two sets of data in real time, namely the strain gauge data and 
motor-torque data, in every test run of the FRS. While real-time 
data from strain gauges will be instrumental in deducing the 
ensemble defl ection of the FRS member, the motor-torque data 
will be used to evaluate the effective forcing (AFOV) at a specifi c 
FRS member. As per the layout scheme of the prototype FRS, 
the motor-torque vector and AFOV vector are co-planar and 
are separated by a linear distance equal to the length(s) of the 
FRS-member(s). It is to be noted here that this ‘linear distance 

Table 3: Evaluation of ‘Force of Vibration’ for the FRS-links Based on Average Strain Obtained.

Trial No.

Estimation of ‘Force of Vibration’ (‘FV’) for the FRS-Links
FRS- Link #1 FRS- Link #2 FRS- Link #3

Average ‘F’
 (in N){Av.ε}1

§
F1V

 (in N)
{Av.ε}2 §

F2V

 (in N)
{Av.ε}3 §

F3V

 (in N)
1 0.0563 8.00666 0.0141 2.00522 0.0159 2.26120 4.091026
2 0.0561 7.97822 0.0145 2.06210 0.0161 2.28964 4.109986
3 0.0554 7.87867 0.0143 2.03366 0.0141 2.00522 3.972516
4 0.0552 7.85022 0.0144 2.04788 0.0156 2.21854 4.038880
5 0.0542 7.70801 0.0141 2.00522 0.0169 2.40342 4.038880
6 0.0537 7.63690 0.0145 2.06210 0.0152 2.16165 3.953550
7 0.0538 7.65112 0.0156 2.21854 0.0153 2.17587 4.016076
8 0.0564 8.02088 0.0146 2.07632 0.0165 2.34652 4.147906
9 0.0557 7.92133 0.0148 2.10477 0.0142 2.01944 4.015180

10 0.0539 7.66534 0.0151 2.14743 0.0153 2.17587 3.996213
11 0.0553 7.86444 0.0150 2.13321 0.0152 2.16165 4.053100
12 0.0534  7.59424 0.0150 2.13321 0.0149 2.11899 3.948813

[§:Actual Experimental Data =Tabulated Data x 10-5]
[: Computed as the simple average (arithmetic mean) of the ‘Force of Vibration’ of the FRS-links]
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of separation’ can be cumulative, i.e. addition of several link 
lengths if we need to estimate AFOV at a distal link of FRS. The 
formulation can be made generic as well for ‘N’-link FRS.

To begin with, we will investigate the phenomena of 
pseudo-forced vibration of the FRS-member(s) under the 
excitation created by only one servomotor of the FRS joint. 
Here we assume that all joints of the FRS are identical in all 
respects hardware-wise and accordingly, all joint-servomotor 
systems are equally likely. We also pre-condition that during 
the activation of the specifi c joint-servomotor, the rest of 
the joint motors are not actuated and thus, those remain in 
their then state of angular postures. With this proposition, the 
computational formula for the natural frequency of vibration 
of the Nth. member of a ‘N’-link serial-chain FRS under this 
state of pseudo-forced vibration can be deduced from eqns. 12 
and 13, as described below:
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Where, fn
N: natural frequency of vibration of the Nth. member 

(link) of the N-link FRS; Keq.
N: Equivalent spring constant for 

the Nth. member of the FRS; mN: Mass of the Nth. member of 
the FRS; Flink

v: Pesudo Force of Vibration at the Nth. member of 
the FRS; dN: Defl ection occurred at the Nth. member of the FRS; 
eAv.

N: Average strain obtained at the Nth. member of the FRS; LN: 
Length of the Nth. link/member of the FRS; r : Density of the 
material of fabrication of the FRS; AN: Cross-sectional area of 
the Nth. member of the FRS; tmotor

(k): Run-time torque of the kth. 
servo-motor of the FRS (k = 1,2,…N).

It may be observed that eqn. 17 is the generic format of 
evaluation of the natural frequency of vibration of the multi-
jointed FRS member that can be the link of the FRS or its 
gripper. As per the lemma behind the formulation of eqn. 17, 
we are considering the situations wherein only one servomotor 
is being activated to create the pseudo-forced vibration 
scenario Hence, the source of the vibration, so generated, is the 
excitation of the system due to the activation of any one of the 
revolute joints of the FRS. The very servomotor is responsible 
for the actuation of the corresponding revolute joint of the 
FRS. All the servomotors of the FRS are pre-programmed 
through the control system of the FRS and the run-time 
torque of the motor-shaft can be obtained from the control 

system programming as well as its Graphical User Interface 
(GUI).. Nonetheless, the choice of the particular servomotor 
that is to be activated along with its extent of activation 
(joint movement in degrees) is user-selectable. During this 
programmed activation, the rest of the servomotors are kept 
under non-activation mode. It is to be noted here that eqn 17 
is valid if we do not consider any retarding torque due to the 
joint rotation of the preceding link(s). The formulation will 
alter under real-life situations wherein the pseudo-forced 
vibration takes into account of impedance of the joint that is 
being actuated by the servomotor. This joint impedance results 
in a retardation torque and its numerical extent gets defi ned 
by a factor, named, ‘joint retardation coeffi cient’. The effect of 
the joint retardation will be on the preceding link(s) of the FRS, 
with respect to the joint-servomotor that is being activated. 
The revised formula for the evaluation of the natural frequency 
of vibration of the FRS member under this real-life situation of 
joint retardation is texted below:
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Where, fn*
N: real-life natural frequency of vibration of the 

Nth. member (link) of the N-link FRS under joint-retadation 
effect; eAv.

N: Average strain obtained at the Nth. member of the 
FRS; LN: Length of the Nth. link/member of the FRS; r : Density of 
the material of fabrication of the FRS; AN: Cross-sectional area 
of the Nth. member of the FRS; tmotor

(k): Run-time torque of the 
kth. servo-motor of the FRS (k = 1,2,…N); l: Joint Retadation 
Coeffi cient (JRC), 0< l≤0.1.

The syntax of the natural frequency of vibration under 
a pseudo-forced vibration situation gets computationally 
complex if two or more servomotors are in simultaneous 
activation. In such cases, the effective force of vibration on a 
FRS member will be multi-sourced and evaluation has to be 
made accordingly. We will deal with that formulation in the 
next part of the paper. 

The other crucial aspect of the experimental evaluation of 
the natural frequency of FRS-member(s) is a selection of the 
‘trial ensemble’. We need to freeze out the total number of trial 
runs that are to be conducted for a particular FRS member and 
decide on the composition of those trial runs. For example, 
if we are going to evaluate the natural frequency of vibration 
of the third link of the FRS, then we have to decide whether 
all trials will be conducted by activating one servomotor only 
(keeping the other two servomotor at zero motion) or not. If 
we decide on doing the trials under the joint motion of one 
specifi c servomotor only, then we need to alter the amount of 
joint movement (angular motion in degrees) through the FRS 
controller. This method is, by and large, simple and convenient 
so far as the modulation of the control system logic of the FRS 
is concerned. Nonetheless, we still have the choice of selecting 
the servomotor to be activated, e.g. FRS-3rd. link can be excited 
either by the activation of the fi rst joint-motor, the second, 
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or even the third. Obviously, we will get slightly different sets 
of natural frequencies in those 3 verticals, viz. case I: activation 
by joint-motor#1; case II: activation by joint-motor#2, and case III: 
activation by joint-motor#3. 

Nonetheless, real-time excitation of the FRS-3rd. link 
can be ascertained with simultaneous activation of all three 
joint-motors too. As a matter of fact, for a 3-link 3-degree-
of-freedom serial-chain FRS, there will be 23 or 8 different 
feasible combinations of joint angles that are equally likely to 
cause excitation to the FRS member (s). In general, we can have 
a total of 2N different combinations of joint angles possible for 
the pseudo-forced vibration of an N-link serial-chain FRS. 

The readings so obtained (run-time motor torque and 
average strain) can be compared, followed by a study on the 
computed values of the natural frequency of vibration of that 
very FRS member. The said comparison of the numerical 
values of the natural frequency of vibration is also important 
as we can get the values through various combinations of joint 
angles. Since pseudo-forced vibration is possible in multiple 
ways, we need to specify the method used to obtain the said 
values of ‘fn’ in the data table. 

The other important factor in the experiment is the number 
of trial runs and inter-trial comparison of data. For example, if 
we decide to undertake 10 trials under a specifi c methodology 
of excitation of the FRS-member(s), then the intra-trial 
comparison can be made within that envelope. Likewise, we 
can get another set of 10 data when we invoke a different 
methodology of excitation. It is true that fi nally, we can evolve 
a global average of the said ‘fn’ for the specifi c FRS member. 

In our case study, we will fi rst register experimental data 
with respect to the activation of the fi rst joint-servomotor 
of the FRS only and we will investigate the effect of such 
excitation on the third link of the FRS as well as the FRS-
gripper. In other words, the fi rst joint-motor will be activated 
by various combinations of current and torque so as to produce 
variations in the joint angle of the fi rst revolute joint of the 
FRS. As explained earlier, the other two joint-motors will 
be in non-activation mode and those will not be considered 
for any effective torque calculation. We are excluding the 
details of the joint-angle sets of the fi rst joint of the FRS, so 
generated. In order to perform the experiments in real-time, 
we have adhered to the design data sheet of the servomotor and 
accordingly, we have selected the combinations of current and 
torque in such a way that those do not exceed the rated value 
of the torque at a specifi c tine-instant. Table 4 presents the 
experimental data against 10 trial runs and also the computed 
values of the natural frequencies of pseudo-forced vibration 
for the distal /third link of the FRS, while activated by the fi rst 
joint-servomotor. The results have been arrived at by using the 
formula of eqn. 17. All values of the run-time torque of the fi rst 
joint motor have been selected based on the suitability of the 
FRS controller to tune the run-time current, not overshooting 
by more than 0.4% of the rated torque value.

It is worth noting that the values of the average strain of 
the FRS-third link are deduced in real-time, based on the in-

situ excitation as well as the trembling/vibration of the distal 
link. These values are largely in the same order as that of Table 
3, numerically. It is obvious that fi ner results of the natural 
frequency of vibration can be obtained if we augment more 
strain gauges over the surface of the FRS-third link. But, on the 
fl ip side, instrumentation of a larger number of strain gauges 
is equally challenging technologically.

Let us now focus on the experimental evaluation of the 
natural frequency of pseudo-forced vibration of the FRS-
gripper under the excitation via the fi rst joint motor. As before, 
results will be identical for both cases, viz. ‘without JRC’ and 
‘with JRC’. However, the length of the effective ‘link’ that will 
be affected by this vibration will be (Total horizontal span of 
FRS) + (Breadth of the gripper in the frontal plane). Considering 
the breadth of the FRS-gripper as 20 mm., the effective ‘link-
length’ undergoing vibration will be: 1400 mm. +20 mm. = 1.42 
m. The effective ‘cross-sectional area’ of the FRS-gripper will 
be the planar area undergoing vibration, namely the rectangular 
area, constituted by the length and width of the gripper. Hence, 
the cross-sectional area of the FRS-gripper that will be useful 
for the computation of ‘fn’ will be 50 mm x 15 m. = 75x10-5 
m2. However, we have to take note that this cross-sectional 
area is a kind of maximum possible area that can be exposed 
to excitation. In fact, it is diffi cult to numerically compute 
the ‘actual’ cross-sectional area of the FRS-gripper that is 
facing excitation, because of its intricate geometry and design 
features. The density of the gross material of fabrication of the 
FRS-gripper (tefl on) will be 2200 kg/m3. Table 5 presents the 
experimental data against 10 trial runs and also the computed 
values of the natural frequencies of pseudo-forced vibration 
for the mini-gripper of the FRS, while activated by the fi rst 
joint-servomotor. As before, the results have been arrived at by 
using the formula of eqn. 17. As explained, the values that we 
obtain for the natural frequency of vibration will be a kind of 
‘upper bound’ values and those will indicate a reasonably safe 
threshold for the design of the control system of the FRS. If 
we analyze the background computation of the cross-sectional 
area for Tables 4,5, we will get a clear understanding that the 

Table 4: Evaluation of Natural Frequency of Pesudo-Forced Vibration for the Distal 
Link of the FRS (Excitation via First Joint –Servomotor).

Trial 
No.

Run-time Torque 
of 1st. Joint- 

motor
(N-m)

Average Strain of 
FRS- 3rd. /Distal 

Link  

Natural Frequency of Vibration of the 
FRS- 3rd. / Distal Link (Hz.) Without  

‘JRC’*

1 1.504 0.0156x10-5 5550. 65548

2 1.476 0.0161x10-5 5412.68675

3 1.348 0.0152x10-5 5323.60476

4 1.421 0.0149x10-5 5520.60352

5 1.498 0.0167x10-5 5354.02413

6 1.465 0.0152x10-5 5549.82989

7 1.496 0.0153x10-5 5589.88321

8 1.503 0.0162x10-5 5445.08465

9 1.387 0.0142x10-5 5586.97479

10 1.436 0.0153x10-5 5476.63954

[*: Results will be identical with ‘JRC’ too, as the excitation is made via 1st. joint-
motor].
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cross-sectional area of the FRS-gripper is nearly 10 times 
larger than that of the FRS-link. Quite obviously, the computed 
values of the natural frequency of pseudo-forced vibration for 
the FRS-gripper will be much higher than that of FRS-3rd. link. 

We will shift our attention now to the pseudo-forced 
vibration of the distal link again, but, this time, under the 
excitation of the second joint-motor. However, we will take 
into account the effect of the joint retardation coeffi cient by 
assuming a moderate value of ‘l’ as 0.05. In other words, we 
will report the computed values of the natural frequency of 
vibration of the FRS-third link for both cases, viz.:a] without 
taking into account the joint retardation and b] with due 
consideration of the joint retardation effect. We will report the 
experimentally determined values of the natural frequencies in 
both cases, vide formulae of eqns. 17 and 18. Table 6 presents the 
experimental data against 10 trial runs and also the computed 
values of ‘fn’ of pseudo-forced vibration for the distal /third 
link of the FRS, while activated by the second joint-servomotor. 
We have observed the increment of the numerical value of ‘fn’ 
between case [a] and case [b], referred to above.

Finally, we will report the experimentally determined 
values of the natural frequencies of pseudo-forced vibration 
for the distal /third link of the FRS, while activated by the 
third joint-servomotor. Table 7 presents the data for 10 trial 
runs and the computed values of ‘fn’, under two cases, namely, 
‘without JRC’ and ‘with JRC’. 

If we observe the numerical values of the natural 
frequency of vibration of the FRS-3rd. link, there is a factor of 
multiplication of sqrt(5.050505) while the excitation is made 
by the fi rst joint-motor (without JRC). Likewise, the factor of 
multiplication is sqrt(11.784511) for the excitation done with 
the actuation of the second joint-motor (without JRC). Finally, 
during the excitation made by the activation of the third joint-
motor (without JRC), the factor of multiplication becomes 
sqrt(35.353535).

Conclusion

We have delineated the technicalities of the indigenous 
hardware of a prototype serial-chain three-link fl exible robotic 

system in this paper, backed up by experimental results. 
This detailed research on fl exible robots will be instrumental 
in creating novel designs for similar FRS with sensory 
instrumentation. Besides hardware details, a new model 
for the in-situ vibration signature of a multi-link fl exible 
robotic system using spring-sub-system and strain gauges 
is also reported. The system dynamics of multi-link FRS are 
quite different from that of single-link fl exible robots due to 
the coupling effects of joints and its drive-train, along with 
the run-time program. Scientifi cally ascertained locations of 
augmentation of strain gauges on the FRS-links play a crucial 
role too in the overall target of achieving smoother control 
of the system dynamics, through the evaluation of natural 
frequency of vibration of the FRS-members in real-time. The 
present research builds up an optimal foundation for analyzing 
the inherent vibration of fl exible robots and their performance 
in gripping small payloads in real time. 
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Table 5: Evaluation of Natural Frequency of Pesudo-Forced Vibration for the FRS-
gripper (Excitation via First Joint –Servomotor).

Trial 
No.

Run-time Torque of 
1st. Joint- motor

(N-m)

Average Strain of 
FRS- Gripper

Natural Frequency of Vibration 
of the FRS- Gripper (Hz.)

1 1.504 0.0222x10-5 13526.21976

2 1.476 0.0245 x10-5 12755.25498

3 1.348 0.0178 x10-5 14300.91921

4 1.421 0.0195 x10-5 14028.41940

5 1.498 0.0241 x10-5 12956.16271

6 1.465 0.0228 x10-5 13172.86973

7 1.496 0.0172 x10-5 15326.06212

8 1.503 0.0151 x10-5 16395.32480

9 1.387 0.0173 x10-5 14714.45520

10 1.436 0.0239 x10-5 12738.17695

Table 6: Evaluation of Natural Frequency of Pesudo-Forced Vibration for the Distal 
Link of the FRS (Excitation via Second Joint –Servomotor).

Trial 
No.

Run-time Torque of 
2nd. Joint- motor

(N-m)

Average Strain of 
FRS- 3rd. /Distal Link  

Natural Frequency of Vibration 
of the FRS- 3rd. / Distal Link (Hz.)

Without ‘JRC’ (λ)
With 

‘JRC’ (λ)
1 1.479 0.0153x10-5 8490.0335 8788.0202
2 1.503 0.0151x10-5 8615.1342 8917.5117
3 1.367 0.0147x10-5 8327.1545 8619.4244
4 1.428 0.0142x10-5 8659.4630 8963.3964
5 1.458 0.0157x10-5 8321.4684 8663.5387
6 1.479 0.0151x10-5 8546.0739 8846.0275
7 1.478 0.0159x10-5 8325.4877 8617.6991
8 1.502 0.0156x10-5 8473.1267 8770.5199
9 1.378 0.0148x10-5 8332.2978 8624.7482

10 1.426 0.0155x10-5 8282.5668 8573.2717

Table 7: Evaluation of Natural Frequency of Pesudo-Forced Vibration for the Distal 
Link of the FRS (Excitation via Third Joint –Servomotor).

Trial 
No.

Run-time Torque of 
3rd. Joint- motor

(N-m)

Average Strain of 
FRS- 3rd. /Distal Link  

Natural Frequency of Vibration of 
the FRS- 3rd. / Distal Link (Hz.)

Without ‘JRC’ (λ)
With 

‘JRC’ (λ)
1 1.487 0.0154x10-5 14696.93602 17566.19936
2 1.434 0.0167x10-5 13859.51534 16565.28923
3 1.345 0.0156x10-5 13887.70704 16598.98477
4 1.465 0.0139x10-5 15354.76293 18352.45195
5 1.423 0.0163x10-5 13971.19345 16702.87886
6 1.478 0.0158x10-5 14465.73074 17289.85523
7 1.446 0.0151x10-5 14636.16768 17493.56634
8 1.501 0.0167x10-5 14179.59459 16947.85712
9 1.367 0.0144x10-5 14572.52183 17417.49501

10 1.474 0.0154x10-5 14632.55229 17489.24513
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